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ON THE REPRESENTATIONS OF 2-GROUPS IN BAEZ-CRANS
2-VECTOR SPACES
BENJAMI´N A. HEREDIA AND JOSEP ELGUETA
Abstract. We prove that the theory of representations of a finite 2-group G
in Baez-Crans 2-vector spaces over a field k of characteristic zero essentially
reduces to the theory of k-linear representations of the group of isomorphism
classes of objects of G, the remaining homotopy invariants of G playing no
role. It is also argued that a similar result is expected to hold for topological
representations of compact topological 2-groups in suitable topological Baez-
Crans 2-vector spaces.
1. Introduction
In the last two decades there have been a few attempts to generalize the repre-
sentation theory of groups to the higher dimensional setting of categories. See Baez
et al [2], Bartlett [4], Crane and Yetter [6], Elgueta [8, 9], Ganter and Kapranov
[12], and Ganter [11]. By analogy with the classical setting, it is natural to try
to represent 2-groups in a suitable categorification of the category Vectk of (finite
dimensional) vector spaces over a ground field k, often called the 2-category of
2-vector spaces over k.
One of the first proposals of definition of 2-vector space is that of Baez and Crans
[3]. According to these authors, a 2-vector space over k is an internal category in
Vectk, and they proved that this is the same thing as a 2-term chain complex of
vector spaces over k, i.e. a k-linear map d : V1 → V0. To our knowledge, the unique
existing work on the representation theory of 2-groups in these 2-vector spaces is
the very preliminary presentation by Forrester-Barker [10].
The purpose of this short paper is to show that the representation theory of a
finite 2-group G in Baez-Crans 2-vector spaces over a field of characteristic zero is
in some sense trivial. More precisely, it will be shown that the homotopy category
of the corresponding 2-category of representations of G is simply equivalent to
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the product category Repk(pi0(G)) × Repk(pi0(G)), where pi0(G) is the group of
isomorphism classes of objects of G, and Repk(pi0(G)) is the category of k-linear
representations of pi0(G). In particular, the remaining homotopy invariants of G
classifying it up to equivalence, namely, the abelian group pi1(G) of automorphisms
of the unit object of G and the cohomology class in H3(pi0(G), pi1(G)), play no
role. We also argue that a similar result will be true for compact topological 2-
groups and their topological representations in a suitable 2-category of topological
Baez-Crans 2-vector spaces. The result is basically a consequence of the fact that
the underlying category of the 2-category of Baez-Crans 2-vector spaces over k is
essentially Vectk × Vectk.
To avoid writing a too long paper, we will assume the reader is familiar with the
notions of 2-group and 2-category, and with the corresponding notions of morphism,
which are understood in the weak sense, including the notions of pseudonatural
transformation and modification. We refer the reader to Leinster [13] or Borceux
[5] for an introduction to 2-categories, and to Baez and Lauda [1] for an introduction
to 2-groups.
Notation. We will use letters likeA,B, C, ... to denote categories, andA,B,C, ...
to denote 2-categories. Vertical composition of 2-cells will be denoted by juxtapo-
sition, and composition of 1-cells and horizontal composition of 2-cells by ◦.
2. The 2-category of Baez-Crans 2-vector spaces
Let us start by describing the 2-category Ch2(A) of 2-term chain complexes
(i.e. chain complexes concentrated in degrees 1 and 0) in any abelian category
A. We will be mainly concerned with the case A = Vectk, the category of finite
dimensional vector spaces over a field k. Ch2(k) is short notation for Ch2(Vectk).
We will refer to Ch2(k) as the 2-category of Baez-Crans 2-vector spaces over k.
2.1. An object of Ch2(A) is a morphism of A, that is dV = d : V1 → V0, denoted
by V•. The morphism d is called the differential.
A 1-cell f• = (f1, f0) : V• →W• is a commutative square
V1
dV
//
f1

V0
f0

W1
dW
// W0,
and a 2-cell σ : f• ⇒ g• : V• →W• is a morphism σ : V0 →W1 in A such that
dW ◦ σ = g0 − f0
σ ◦ dV = g1 − f1.
The composition of 1-cells is given by the composition in A, that is, given (f1, f0) :
U• → V• and (g1, g0) : V• →W• the composite is
(g1, g0) ◦ (f1, f0) = (g1 ◦ f1, g0 ◦ f0) : U• →W•,
and the identity morphisms are given by 1V• = (1V1 , 1V0).
The vertical composite of σ : f• ⇒ g• and τ : g• ⇒ h• is given by the addition
in A, that is
τσ = τ + σ : f• ⇒ h•,
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while horizontal composite of σ : f• ⇒ g• : U• → V• and σ
′ : f ′• ⇒ g
′
• : V• →W• is
given by the map
σ′ ◦ σ = f ′1 ◦ σ + σ
′ ◦ g0
= g′1 ◦ σ + σ
′ ◦ f0.
Finally, identity 2-cells are given by 1f• = 0 : V0 → W1 for any 1-cell f• : V• →W•.
In particular, whiskerings are given by
σ ◦ 1f• = σ ◦ f0, 1f ′• ◦ σ = f
′
1 ◦ σ.
It is straightforward to check that Ch2(A) is a strict 2-category. In fact, it is a
category enriched in groupoids. Each 2-cell τ is invertible with inverse −τ .
2.2. The next two results will be needed later. Both hold in an arbitrary abelian
category A.
Lemma 1. A 2-term chain complex d : V1 → V0 is equivalent in Ch2(A) to the
zero complex 0• = 0→ 0 if and only if the differential d is an isomorphism in A.
Proof. It readily follows from the definitions that V• ≃ 0• if and only if there exists
a 2-cell 1V• ⇒ 0V• , and this happens if and only if d is an isomorphism. 
Lemma 2. For any object W of A and any object V• of Ch2(A), the 2-term chain
complexes d : V1 → V0 and d⊕ 1W : V1 ⊕W → V0 ⊕W are equivalent in Ch2(A).
Proof. Let pii : Vi ⊕W → Vi, ιi : Vi → Vi ⊕W be the canonical projections and
injections for i = 0, 1. Then the 1-cell ι• = (ι0, ι1) : V• → V• ⊕W is an equivalence
with pi• = (pi0, pi1) : V• ⊕W → V• as a pseudoinverse. Indeed, pi• ◦ ι• = 1V• while
ι• ◦ pi• ∼= 1V•⊕W via the 2-isomorphism 0⊕ 1W : V0 ⊕W → V1 ⊕W . 
2.3. Let Ch′2(A) be the full sub-2-category of Ch2(A) with objects the zero mor-
phisms 0 : V1 → V0 in A. The significance of Ch
′
2(A) comes from the fact that
all objects in Ch2(A) are equivalent to an object in Ch
′
2(A) when A is such that
each short exact sequence splits, for instance when A is Vectk. Such an A will be
called a split abelian category. More precisely, we have the following result, already
implicit in [7, Proposition 305].
Proposition 1. Let A be a split abelian category. Then Ch′2(A) is biequivalent to
Ch2(A).
Proof. It is enough to see that each object of Ch2(A) is equivalent to a zero mor-
phism in A. In fact, an object d : U1 → U0 of Ch2(A) is equivalent to the zero
morphism kerd
0
→ cokerd. Indeed, we have the short exact sequences
0→ ker d→ U1 → coker (ker d)→ 0
0→ ker(coker d)→ U0 → coker d→ 0,
and coker (ker d) ∼= ker(coker d). As usual we identify both objects and denote them
by im d. It follows that we have a commutative square of the form
U1
d
//
∼=

U0
∼=

ker d⊕ im d
0⊕1
// cokerd⊕ im d.
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In particular, the top and the bottom morphisms are equivalent as objects in
Ch2(A) (in fact, isomorphic). The result now follows from Lemma 2. 
2.4. It easily follows from the above description ofCh2(A) that the 2-group of self-
equivalences of an object V• in Ch
′
2(A) is the skeletal and strict 2-group that has
the elements of AutA(V1)× AutA(V0) as objects, and the elements of A(V0, V1) ×
AutA(V1) × AutA(V0) as morphisms, with (σ, f1, f0) : (f1, f0) → (f1, f0). The
composition of morphisms is given by the sum in A(V0, V1), and the tensor product
is given on objects and morphisms by
(f ′1, f
′
0)⊗ (f1, f0) = (f
′
1 ◦ f1, f
′
0 ◦ f0)
(σ′, f ′1, f
′
0)⊗ (σ, f1, f0) = (σ
′ ◦ f0 + f
′
1 ◦ σ, f
′
1 ◦ f1, f
′
0 ◦ f0).
3. Representations in Baez-Crans 2-vector spaces
From now on, we will assume that the ground field k is of characteristic zero. The
goal of this section is to prove that the representation theory of a finite 2-group G
in the 2-category of Baez-Crans 2-vector spaces is trivial in the sense made precise
below. More generally, this is true for representations in Ch2(A) for any split
k-linear abelian category A.
We start by describing the 2-category Rep
Ch2(A)(G) of representations of G in
Ch2(A) for any A. For later use, we do it for an arbitrary A, and we next focus
on the split case.
3.1. Description of the generic 2-category of representations. Let G[1] be
the one-object 2-groupoid with G as 2-group of self-equivalences of the unique ob-
ject. By definition, RepCh2(A)(G) is the (strict) 2-category of pseudofunctors from
G[1] to Ch2(A), pseudonatural transformations between them, and modifications
between these. When unpacked, this definition leads to the 2-category with the
following 0-, 1- and 2-cells.
3.1.1. An object in RepCh2(A)(G) is given by the following data:
(O1) a 2-term chain complex d : V1 → V0, also denoted by V•;
(O2) for each object a ∈ G a pair fa• = (f
a
1 , f
a
0 ) which makes the square in A
V1
d
//
fa
1

V0
fa
0

V1
d
// V0
commute;
(O3) for each morphism φ : a→ a′ in G a morphism τφ : V0 → V1 in A such that
fa
′
0 − f
a
0 = d ◦ τφ,
fa
′
1 − f
a
1 = τφ ◦ d;
(O4) for each pair of objects a, b ∈ G a morphism τa,b : V0 → V1 in A such that
fa⊗b0 − f
a
0 ◦ f
b
0 = d ◦ τa,b,
fa⊗b1 − f
a
1 ◦ f
b
1 = τa,b ◦ d.
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(O5) a morphism τe : V0 → V1 such that
fe0 − 1V0 = d ◦ τe,
fe1 − 1V1 = τe ◦ d.
Moreover, these data must satisfy the following axioms:
(AO1) τφ′◦φ = τφ′ + τφ for every composable 1-cells a
φ
→ a′
φ′
→ a′′ in G;
(AO2) τ1a = 0 for each object a ∈ G;
(AO3) τa,b + f
b
1 ◦ τφ + τψ ◦ f
a′
0 = τφ⊗ψ + τa′,b′ for every 1-cells φ : a → a
′ and
ψ : b→ b′ in G;
(AO4) ταa,b,c + τa,b⊗c + f
a
1 ◦ τb,c = τa⊗b,c + τa,b ◦ f
c
0 for every objects a, b, c ∈ G;
(AO5) τa,e + f
a
1 ◦ τe = τρa and τe,a + τe ◦ f
a
0 = τλa for each object a ∈ G.
Axioms (AO1)-(AO2) correspond to the functoriality of the assignments φ 7→ τφ,
axiom (AO3) to the naturality of τa,b in a, b and (AO4)-(AO5) to the coherence
conditions. We will denote such an object by (V•, {f
a}, {τφ}, {τa,b}, τe) or just V•
when the action of G on V• is implicitly understood.
3.1.2. Given objects (U•, {f
a
• }, {τφ}, {τa,b}, τe) and (V•, {g
a
•}, {σφ}, {σa,b}, σe), a
1-cell or 1-intertwiner from the first to the second consists of the following data:
(I1) a pair r• = (r1, r0) which makes the square in A
U1
dU
//
r1

U0
r0

V1
dV
// V0
commute;
(I2) for each a ∈ G a morphism µa : U0 → V1 in A such that
ga1 ◦ r1 − r1 ◦ f
a
1 = µa ◦ dU ,
ga0 ◦ r0 − r0 ◦ f
a
0 = dV ◦ µa;
Moreover, these data must satisfy the following axioms:
(AI1) µa + σφ ◦ r0 = r1 ◦ τφ + µa′ for each morphism φ : a→ a
′ in G;
(AI2) r1 ◦ τa,b + µa⊗b = µa ◦ f
b
0 + g
a
1 ◦ µ
b + σa,b ◦ r0 for every objects a, b ∈ G;
(AI3) µe + r1 ◦ τe = σe ◦ r0.
Axiom (AI1) corresponds to the naturality of µa in a, and axioms (AI2)-(AI3) to
the coherence conditions. We will denote such a 1-cell by (r•, µ) or just r•.
3.1.3. Finally, given 1-cells (r•, µ), (s•, ν) between two representations U• and V•,
a 2-cell or 2-intertwiner from the first 1-cell to the second consists of morphism
ω : U0 → V1 such that
s1 − r1 = ω ◦ dU ,
s0 − r0 = dV ◦ ω
and satisfying the following naturality axiom:
(A2I) ga1 ◦ ω + µa = νa + ω ◦ f
a
0 for each object a ∈ G.
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3.2. Case of a split k-linear abelian category. Without loss of generality, we
assume from now on that G is the strict skeletal 2-group
G = pi1[1]⋊z pi0[0]
for some group pi0, left pi0-module pi1, and normalized 3-cocycle z : pi
3
0 → pi1. This
means that G has the elements of pi0 as objects, and the pairs (a, g) ∈ pi1×pi0, with
(a, g) : g → g, as morphisms. Moreover, composition is given by the sum in pi1, and
the tensor product by the product in pi0 on objects and by
(a, g)⊗ (a′, g′) = (a+ g ⊲ a′, gg′)
on morphisms (⊲ stands for the left action of pi0 on pi1). Finally, the associator is
given by αg,g′,g′′ = (z(g, g
′, g′′), gg′g′′) and the left and right unit isomorphisms are
trivial. By Sinh’s theorem [14], any 2-group is of this type up to equivalence (see
also Baez and Lauda [1]).
For example, the 2-group Eq(V•) of self-equivalences of an object V• in Ch
′
2(A)
(see § 2.4) is of this type, with
pi0 = AutA(V1)×AutA(V0),
pi1 = A(V0, V1),
the left action of pi0 on pi1 given by
(f1, f0)⊲ σ = f1 ◦ σ ◦ f
−1
0 ,
and the 3-cocycle z equal to zero.
3.2.1. We are interested in the 2-category RepCh2(A)(G) when A is split. Now,
for these abelian categories Rep
Ch2(A)(G) is biequivalent to RepCh′2(A)(G). This
is a consequence of Proposition 1 and the general fact that for any biequivalent
2-categories C,C′ the corresponding representation 2-categories RepC(G) and
RepC′(G) are biequivalent. This allows us to restrict from now on to represen-
tations of G in Ch′2(A).
3.2.2. From the description in § 3.1.1 of a representation of G in Ch2(A), it follows
that a representation as self-equivalences of an object in Ch′2(A) amounts to the
following data:
(O1′) two representations of pi0 in A, denoted by ρi : pi0 → AutA(Vi), i = 0, 1;
(O2′) a morphism of (left) pi0-modules β : pi1 → A(V0, V1)
ρ0
ρ1
, where A(V0, V1)
ρ0
ρ1
stands for the abelian group A(V0, V1) equipped with the pi0-action induced
by the representations ρ0, ρ1, and
(O3′) a normalized 2-cochain c : pi20 → A(V0, V1)
ρ0
ρ1
such that ∂c = β∗(z).
Such a description can also be obtained from the above description of Eq(V•), the
fact that a representation of G as self-equivalences of V• is nothing but a 2-group
homomorphism G → Eq(V•), and the description of the homomorphisms between
strict skeletal 2-groups. Moreover, it may be shown that by changing the 2-cochain
c by another one differing from c by a coboundary gives a representation which is
equivalent to the original one (see [8, Theorem 2.7]). The representation so defined
will be denoted by (ρ1, ρ0, β, c).
Proposition 2. Let us assume that G is finite (i.e. pi0 and pi1 are finite), and
that A is k-linear, with k a field of characteristic zero. Then for any representation
(ρ1, ρ0, β, c) we have:
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(i) β = 0, and
(ii) (ρ1, ρ0, 0, c) is equivalent to (ρ1, ρ0, 0, 0).
In particular, up to equivalence a representation of G in Ch′2(A) is completely given
by two representations of pi0 in A.
Proof. If A is k-linear, A(V0, V1) is a k-vector space. Since the charateristic of
k is zero, the underlying abelian group has no torsion and the only morphism of
abelian groups β : pi1 → A(V0, V1) is β = 0. In this case, the 2-cochain is a 2-
cocycle, and the second statement follows then from the next lemma (applied to
G-bimodules with trivial right action of G) together with the above mentioned fact
that 2-cochains differing by a coboundary determine equivalent representations. 
Lemma 3. Let G be a finite group, and V a k-vector space equipped with a structure
of G-bimodule. Then Hn(G, V ) = 0 for all n ≥ 1.
Proof. Let z : Gn → V be an n-cocycle, with n ≥ 1. Then an n-cochain with
boundary z is given by the map c : Gn−1 → V defined by
c(g1, ..., gn−1) =
(−1)n
|G|
∑
k∈G
z(g1, ..., gn−1, k) · k
−1.
The reader may easily check that the cocycle condition ∂z = 0 indeed implies
∂c = z. 
3.2.3. Let be given two representations (ρ1, ρ0, β, c), (ρ
′
1, ρ
′
0, β
′, c′) as in § 3.2.2,
on objects (V1, V0) and (V
′
1 , V
′
0) of Ch
′
2(A), respectively. It easily follows from the
description in §3.1.2 of the 1-cells in RepCh2(A)(G) that a 1-cell between these
representations reduces to the following:
(I1′) two morphisms of representations ri : Vi → V
′
i , i = 0, 1, which make the
diagram
pi1
β
//
β′

A(V0, V1)
r1∗

A(V ′0 , V
′
1)
r∗
0
// A(V0, V
′
1)
commute, and
(I2′) a map µ : pi0 → A(V0, V
′
1) such that the diagram
pi20
c
//
c′

A(V0, V1)
r1∗

A(V ′0 , V
′
1)
r∗
0
// A(V0, V
′
1)
commutes up to the boundary map ∂µ : pi20 → A(V0, V
′
1) defined by
∂µ(a, b) = ρ′1(a) ◦ µb − µa⊗b + µa ◦ ρ0(b).
In particular, when β, β′ and c, c′ are zero, this simply amounts to two morphisms
of representations ri : Vi → V
′
i , i ∈ {0, 1}, together with a 1-cocycle µ : pi0 →
A(V0, V
′
1)
ρ′
1
ρ0 , where A(V0, V
′
1)
ρ′
1
ρ0 stands for the abelian group A(V0, V
′
1) thought of
as a pi0-bimodule with the left and right actions induced by the representations ρ
′
1
and ρ0, respectively.
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3.2.4. The main theorem of the paper may now be stated as follows.
Theorem 1. Let A be a split k-linear abelian category, with k a field of character-
istic zero. Then for any finite 2-group G the homotopy category of RepCh2(A)(G)
is equivalent to the product category RepA(pi0)×RepA(pi0).
Proof. By Proposition 2, we may restrict to representations (ρ1, ρ0, β, c) with β
and c equal to zero. In this case, we know that the 1-cells between two such
representations (ρ1, ρ0) and (ρ
′
1, ρ
′
0) are given by triples (r1, r0, µ) as before. Now, it
follows from § 3.1.3 that two such 1-cells (r1, r0, µ) and (s1, s0, ν) are 2-isomorphic
iff ri = si for i ∈ {0, 1}, and µ, ν differ by the coboundary of some 0-cochain
ω : 1 → A(V0, V
′
1)
ρ′
1
ρ0 . The statement now follows from Lemma 3, which implies
that, up to a 2-isomorphism, the 1-cells between such representations are completely
given by the pair (r1, r0). 
3.2.5. A similar result is expected to hold for compact topological 2-groups and
their topological representations in a suitable 2-category of topological Baez-Crans
2-vector spaces. A topological Baez-Crans 2-vector space should reasonably be de-
fined as an object in Ch2(A) for some split abelian category A of topological vector
spaces over a suitable topological field. Although the category of all topological vec-
tor spaces over an arbitrary topological field is non abelian (images and coimages
do not necessarily coincide), it will be so if one restricts to finite dimensional vector
spaces over the field of real or complex numbers with the usual topology. Thus
Proposition 1 will also hold in this setting. Moreover, if G is a compact topolog-
ical 2-group, the groups pi0 and pi1 will be compact topological groups, and in a
topological representation the homomorphism β is expected to be continuous. How-
ever, there are no compact subgroups in the underlying topological abelian group
of a finite dimensional real or complex vector space. Also, the proof of Lemma 3
is expected to work for compact topological groups if one replaces the sum over
the elements of G by the corresponding Haar integral, so that both Lemma 3 and
Proposition 2 are expected to be also true in this topological setting. However,
the question would deserve a more careful study. In fact, the theory of topological
2-groups may look different to that of 2-groups. For instance, it is even unclear if
any topological 2-group is equivalent to a skeletal topological 2-group because there
is no axiom of choice in the category of topological spaces.
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